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Introduction
In 1969, Nadler [13] initiated the study of fixed points for set-valued contraction mappings and proved the following result, which extends the Banach contraction principle. Then T has a fixed point.
Since then many researchers [2, 3, 5-7, 9, 10, 12, 15] have continued the study of Nadler and extended Theorem 1.1 in various directions. Using a function k to replace the constant α in (1.1), Mizoguchi and Takahashi [12] generalized Theorem 1.1 and gave the following result. Then T has a fixed point.
In 1995, Daffer [5] provided an alternative and somewhat more straightforward proof of Theorem 1.2. In 2006, Feng and Liu [7] obtained an interesting generalization of Theorem 1.1.
In 2012, Wardowski [16] introduced the concept of F -contraction for single-valued mappings and proved a fixed point theorem for the F -contraction, which extends the Banach contraction principle. Afterwards, a few researchers [1, 4, 8, 11, 14] introduced new F -contractions for single-valued and set-valued mappings and proved the existence of fixed points for these F -contractions. In 2014, Acar et al. [1] gave a fixed point result for the generalized multi-valued F -contraction mappings and Cosentino and Vetro [4] got fixed point theorems for the Hardy-Rogers-type F -contractions in complete metric spaces and complete ordered metric spaces. In 2014, Minak et al. [11] showed the existence and uniqueness of fixed points for the Ciric type generalized F -contraction and almost F -contraction in complete metric spaces.
In this paper we establish the existence of fixed points for a few set-valued F -contractions without using the Hausdorff metric in complete metric spaces. The results obtained in the paper extend substantially Theorems 1.1 and 1.2. Five examples are included.
Preliminaries
Now we present some notions, notations and results used in this paper. Throughout this paper, we assume that R = (−∞, +∞), R + = [0, +∞), N 0 = {0} ∪ N, where N denotes the set of all positive integers. Let (X, d) be a metric space, and CL(X) and CB(X) denote the classes of all nonempty closed and all nonempty bounded closed subsets of X, respectively. For every A, B ∈ CL(X), x ∈ X and T : X → CL(X), put
Such a mapping H is called a generalized Hausdorff metric induced by d in CL(X). A point p ∈ X is said to be a fixed point of T if p ∈ T p. A sequence {x n } n∈N 0 ⊆ X is said to be an orbit of T if x n+1 ∈ T x n for each n ∈ N 0 . A function h : X → R + is said to be T -orbitally lower semicontinuous at z ∈ X if h(z) ≤ lim inf n→∞ h(x n ) for each orbit {x n } n∈N 0 ⊆ X of T with lim n→∞ x n = z. A function g : R + − {0} → R is said to be upper semicontinuous from right in R + − {0} if lim sup s→t + g(s) ≤ g(t) for all t ∈ R + − {0}.
Definition 2.1 ([16]
). Let F : (0, +∞) → R be a mapping satisfying (F1) F is strictly increasing; (F2) for each sequence {α n } n∈N of positive numbers lim n→∞ α n = 0 if and only if lim n→∞ F (α n ) = −∞; (F3) there exists k ∈ (0, 1) such that lim α→0 + α k F (α) = 0.
Denote by F the family of all functions F that satisfy (F1)-(F3).
Lemma 2.2. Let (X, d) be a metric space, B ∈ CL(X) and F : R + − {0} → R satisfies that
Proof. Suppose that there exists (ε, x) ∈ (R + − {0}) × (X − B) such that
It follows from (a1) and (2.1) that
which is a contradiction. This completes the proof.
Lemma 2.3. Let (X, d) be a metric space and F : R + − {0} → R be upper semi-continuous from the right. Then (a1) holds.
Proof. Let (A, x) ∈ CL(X) × (X − A) and put r = d(x, A). Now we prove that there exists a sequence
Suppose that there exits a ∈ A satisfying r = d(x, a). Let a n := a for all n ∈ N. Then (2.2) holds. Suppose that r = d(x, a) for all a ∈ A. It is clear that for ε 1 = 1, there exists a 1 ∈ A satisfying r < d(x, a 1 ) < r + 1 for ε n = min 1 n , d(x, a n−1 ) − r > 0, there exists a n ∈ A satisfying r < d(x, a n ) < r + ε n = min r + 1 n , d(x, a n−1 ) , ∀n ≥ 2, which implies that (2.2) holds. Note that
Combining (2.2) and (2.3) and using the right upper semi-continuity of F, we conclude that
This completes the proof.
Lemma 2.4. Let (X, d) be a complete metric space and T : X → CB(X) satisfies (1.3) and (1.4). Then
Proof. Let x be an arbitrary point in X. For any sequence {x n } n∈N ⊂ X with lim n→∞ x n = x, by (1.3) and (1.4) we get that
→ 0 as n → ∞,
that is, f is continuous in X. This completes the proof.
Theorem 2.5. Let (X, d) be a complete metric space and T : X → CB(X) satisfies that
where
Then T has a fixed point. ∀t ∈ (0, +∞) we get that
, ∀x, y ∈ X with x = y and lim sup
that is, (2.4) and (2.5) hold.
From Lemma 2.4, Theorem 2.5 and Remark 2.6, we get the following:
Lemma 2.7. Let (X, d) be a complete metric space and T : X → CB(X) satisfies (1.1) and (1.2). Then
Theorem 2.8. Let (X, d) be a complete metric space and T : X → CB(X) satisfies that
Then T has a fixed point.
Remark 2.9. Theorems 1.1 and 2.8 are equivalent.
Main results
Now we prove a few fixed point theorems for the set-valued F -contractions (a1), (a4), (a9), and (a10) below without using the Hausdorff metric in complete metric spaces. Theorem 3.1. Let (X, d) be a complete metric space and T : X → CL(X) satisfies that
where F ∈ F and ϕ : R + − {0} → R + − {0} satisfy (a1) and
Then, for each x 0 ∈ X there exists an orbit {x n } n∈N 0 of T and z ∈ X such that lim n→∞ x n = z. Furthermore, z is a fixed point of T in X if and only if the function f (x) = d(x, T x) is T -orbitally lower semicontinuous at z.
Proof. Let x 0 be an arbitrary point of X. If x 0 ∈ T x 0 , then x 0 is a fixed point of T and lim n→∞ x n = x 0 , where x n := x 0 for all n ≥ 1, the proof is finished. Suppose that x 0 ∈ X − T x 0 . Choose x 1 ∈ T x 0 − {x 0 }. If x 1 ∈ T x 1 , then x 1 is a fixed point of T and lim n→∞ x n = x 1 , where x n := x 1 for all n ≥ 2, the proof is finished. Suppose that x 1 ∈ T x 0 − (T x 1 ∪ {x 0 }). It follows from (a2) that
Making use of (3.1) and (3.2), we deduce that
If x 2 ∈ T x 2 , then x 2 is a fixed point of T and lim n→∞ x n = x 2 , where x n := x 2 for all n ≥ 3, the proof is finished. Suppose that
). It follows from Lemma 2.2 that there exists x 3 ∈ T x 2 − {x 2 } such that
By means of (3.3) and (3.4), we conclude that
Repeating this process, we obtain an orbit {x n } n∈N of T such that either there exists k ∈ N 0 with
By virtue of (3.6) and (3.7), we have
(3.8)
Using (3.5), (3.8), (F1), and ϕ(R + − {0}) ⊆ R + − {0}, we obtain that
It follows from (3.9) that the sequence {d(x n , x n+1 )} n∈N 0 is positive and decreasing. Consequently, there exists some a ∈ R + satisfying
By virtue of (a3) there exists a constant b > 0 satisfying lim inf
which means that for ε = b, there exists δ > 0 satisfying
that is,
It is easy to see that (3.9) and (3.10) yield that there exists n 0 ∈ N satisfying
which together with (3.11) means that
In view of (3.8) and (3.12), we get that
(3.13)
Taking limit in (3.13), we acquire that
which together with (F2) and (3.10) gives that
Clearly, (F3) and (3.14) ensure that there exists k ∈ (0, 1) such that
In terms of (3.13)-(3.15), we arrive at
From (3.16) we deduce that there exists n 1 > n 0 such that
which together with the convergence of the series
implies that {x n } n∈N 0 is a Cauchy sequence.
Since (X, d) is complete, it follows that the sequence {x n } n∈N 0 converges to some point z ∈ X, that is,
Suppose that f is T -orbitally lower semicontinuous at z. It follows from (3.14) and (3.17) that
that is, z ∈ X is a fixed point of T . Conversely, suppose that z ∈ X is a fixed point of T . For each orbit {y n } n∈N 0 of T with lim n→∞ y n = z, we derive that
which implies that f is T -orbitally lower semicontinuous at z. This completes the proof.
Theorem 3.2. Let (X, d) be a complete metric space and T : X → CL(X) satisfies that
where F ∈ F and ϕ : R + − {0} → R + − {0} satisfy (a1), (a3), and ϕ is locally bounded at 0.
Proof. Let x 0 be an arbitrary point of X. If x 0 ∈ T x 0 , then x 0 is a fixed point of T and lim n→∞ x n = x 0 , where x n := x 0 for all n ≥ 1, the proof is finished. Suppose that x 0 ∈ X −T x 0 . For ε 1 = 1 2 ϕ(d(x 0 , T x 0 )) > 0, it follows from Lemma 2.2 that there exists x 1 ∈ T x 0 − {x 0 } satisfying
If x 1 ∈ T x 1 , then x 1 is a fixed point of T and lim n→∞ x n = x 1 , where x n := x 1 for all n ≥ 2, the proof is finished. Suppose that x 1 ∈ T x 0 − (T x 1 ∪ {x 0 }). It follows from (a4) that
In light of (3.18) and (3.19), we get that
By means of (3.20) and (3.21), we obtain that
Continuing this process, we obtain an orbit {x n } n∈N of T such that either there exists k ∈ N 0 with x k ∈ T x k , x i ∈ T x i−1 − (T x i ∪ {x i−1 }), i ∈ {1, 2, · · ·, k − 1} and lim n→∞ x n = x k , where x n = x k for all n ≥ k + 1, the proof is finished, or (3.5) and the following conditions (3.22) and (3.23) hold:
and
On account of (3.22) and (3.23), we derive that
(3.24)
In terms of (3.24), (F1), and ϕ(R + − {0}) ⊆ R + − {0}, we have
It follows from (3.25) that the sequence {d(x n , T x n )} n∈N converges to a constant a ∈ R + , that is,
As in the proof of Theorem 3.1, we conclude that (3.11) holds. It follows from (3.11) and (3.26) that there exists n 0 ∈ N satisfying a < d(x n , T x n ) < a + δ, ∀n ≥ n 0 , which together with (3.11) means that
In light of (3.24) and (3.27), we obtain that
Taking limits in (3.28), we get that lim
which together with (F2) and (3.26) gives that
By virtue of (a5) and ϕ(R + −{0}) ⊆ R + −{0}, we know that there exist positive constants c and σ satisfying 0 < ϕ(t) ≤ c, ∀t ∈ (0, σ).
It follows from (3.25) and (3.29) that there exists n 1 > n 0 satisfying
which together with (3.30) means that
By means of (3.22), (3.23), (3.27), and (3.31), we deduce that
That is, lim
which together with (F2) gives that
It is easy to see that (F3) and (3.33) yield (3.15). Using (3.15), (3.32), and (3.33), we get that
which means (3.16). The rest of the proof is similar to that of Theorem 3.1 and is omitted. This completes the proof. Then, for each x 0 ∈ X there exists an orbit {x n } n∈N 0 of T and z ∈ X such that lim n→∞ x n = z. Furthermore, z is a fixed point of T in X if and only if the function f (x) = d(x, T x) is T -orbitally lower semicontinuous at z.
Proof. It follows from (a6) that there is c ∈ R + with lim sup
which means that for ε = 1, there exists δ > 0 satisfying
which together with ϕ(R + − {0}) ⊆ R + − {0} gives that 0 < ϕ(t) < 1 + c, ∀t ∈ (0, δ), which yields (a5). Thus Theorem (3.3) follows from Theorem 3.2. This completes the proof.
Theorem 3.4. Let (X, d) be a complete metric space, F ∈ F, T : X → CL(X) and ϕ : R + −{0} → R + −{0} satisfy (a1), (a4), and ϕ is nondecreasing and lim
Proof. Since ϕ is nondecreasing and ϕ(R + − {0}) ⊆ R + − {0}, it follows that lim inf
which together with (a7) yields (a3) and (a5). Thus Theorem 3.4 follows from Theorem 3.2. This completes the proof.
Theorem 3.5. Let (X, d) be a complete metric space, F ∈ F, and T : X → CL(X) and ϕ : R + − {0} → R + − {0} satisfy (a1), (a4), and ϕ is nonincreasing and lim
Proof. Using (a8) and ϕ(R + − {0}) ⊆ R + − {0}, we have
that is, (a3) and (a6) hold. Consequently, Theorem 3.5 follows from Theorem 3.3. This completes the proof.
Letting F (t) = ln t for all t ∈ R + − {0} and making use of Lemmas 2.2 and 2.3, and Theorems 3.1-3.5 and their proofs, we get the following results. Corollary 3.6. Let (X, d) be a complete metric space, and T : X → CL(X) and ϕ :
Corollary 3.7. Let (X, d) be a complete metric space, and T : X → CL(X) and ϕ : R + − {0} → R + − {0} satisfy (a3), (a5), and
Corollary 3.8. Let (X, d) be a complete metric space, and T : X → CL(X) and ϕ : R + − {0} → R + − {0} satisfy (a3), (a6), and (a10). Then, for each x 0 ∈ X there exists an orbit {x n } n∈N 0 of T and z ∈ X such that lim n→∞ x n = z. Furthermore, z is a fixed point of T in X if and only if the function f (x) = d(x, T x) is T -orbitally lower semicontinuous at z.
Corollary 3.9. Let (X, d) be a complete metric space, and T : X → CL(X) and ϕ : R + − {0} → R + − {0} satisfy (a10) and (a7). Then, for each x 0 ∈ X there exists an orbit {x n } n∈N 0 of T and z ∈ X such that lim n→∞ x n = z. Furthermore, z is a fixed point of T in X if and only if the function f (x) = d(x, T x) is T -orbitally lower semicontinuous at z.
Corollary 3.10. Let (X, d) be a complete metric space, and T : X → CL(X) and ϕ : R + − {0} → R + − {0} satisfy (a10) and (a8). Then, for each x 0 ∈ X there exists an orbit {x n } n∈N 0 of T and z ∈ X such that lim n→∞ x n = z. Furthermore, z is a fixed point of T in X if and only if the function f (x) = d(x, T x) is T -orbitally lower semicontinuous at z.
Remarks and examples
Now we give some remarks and examples to illustrate the results in Section 3.
Remark 4.1. Corollary 3.6 extends Theorem 2.5. Assume that the conditions of Theorem 2.5 are satisfied. Put
It follows from (2.4) and (4.1) that
which gives (a9). Combining (2.5) and (4.1), we deduce that lim inf
which yields (a3). That is, the conditions of Corollary 3.6 are fulfilled. It follows from Corollary 3.6 and Lemma 2.4 that the set-valued mapping T has a fixed point in X. 
It is easy to see that
3 , ∀x ∈ R + − {0} is continuous in X and
In order to verify (a9), we consider the following two possible cases:
Case 2. Let x ∈ (0, +∞) and y ∈ T x − {x} = [0,
That is, (a9) is satisfied. It follows from Corollary 3.6 that the set-valued mapping T has a fixed point in X.
Remark 4.4. We claim that each of Corollaries 3.7-3.10 generalizes Theorem 2.8. Assume that the conditions of Theorem 2.8 hold. Put
It is clear that (2.7) and (4.2) ensure that (a3), (a5), (a6), (a7), and (a8) hold. It follows from (2.6) and (4.2) that
which gives (a10). That is, the conditions of Corollaries 3.7-3.10 are fulfilled. It follows from each of Corollaries 3.7-3.10 and Lemma 2.7 that the set-valued mapping T has a fixed point in X. Since T 0 = (−∞, 0] ∈ CB(X), it is clear that Theorems 1.1 and 1.2 are useless in proving the existence of fixed points for the set-valued mapping T . Define ϕ : R + − {0} → R + − {0} by
, that is, ϕ satisfies (a3) and (a5).
Let (x, y)
that is, (a10) holds. It follows from Corollary 3.7 that the set-valued mapping T has a fixed point in X.
Example 4.7. Let X = R + be endowed with the Euclidean metric d = | · |. Let T : X → CL(X) be defined by
Obviously, Theorems 1.1 and 1.2 are useless in proving the existence of fixed points for the set-valued mapping T because T 1 = [1, +∞) ∈ CB(X). Define ϕ : R + − {0} → R + − {0} by ϕ(t) = 1 + t, ∀t ∈ R + − {0}.
It is easy to see that f (x) = d(x, T x) = that is, (a10) holds. It follows from Corollary 3.10 that the set-valued mapping T has a fixed point in X.
